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We consider the embedding of the Standard Model elds in a (4 + d)-dimensional theory while
gravitons may propagate in d0 extra, compact dimensions. We study the modication of strengths
of the gravitational and gauge interactions and, for various values of d and d0, we determine the
energy scale at which these strengths are unied. Special cases where the unication of strengths is
characterized by the absence of any hierarchy problem are also presented.
It is widely believed that any fundamental theory capa-
ble of describing our world at higher energy scales always
predicts the existence of extra, spatial, compact dimen-
sions. Being motivated by attempts to lower the string
scale at the gauge unication scale [1] or the TeV scale [2],
the concept of large [3] or small [4] extra dimensions, that
are being felt only by gravitons, has been used in order to
attack the hierarchy problem. On the other hand, the ex-
istence of extra dimensions, where only gauge bosons can
propagate, was proposed in an attempt to explain the size
of the supersymmetry breaking scale [5] or to lower the
unication scale of the gauge interactions [6]. In both
cases, the Kaluza-Klein excitations of either gravitons
or Standard Model particles appear in the framework of
the 4-dimensional, eective theory and, in principle, may
modify the low-energy physics. The accuracy with which
the electroweak and strong interactions have been probed
at low energies demands that any contributions to SM
processes coming from the KK excitations be extremely
small which, in turn, places a lower bound on the energy
scale associated with the extra dimensions.
In this letter, we assume the existence of two dierent
sets of extra dimensions, one being felt only by gravitons
and one only by gauge bosons. The presence of the extra
dimensions modies simultaneously the strength of both
the gravitational and gauge interactions. We search for
specic combinations of the numbers and sizes of the ex-
tra dimensions that leads to the unication of strengths
of forces in the framework of the higher-dimensional the-
ory.
We start our analysis by considering a higher-dimen-
sional formulation of an SU(N) Yang-Mills theory with
matter. We assume that the vector and scalar particles,
i.e. the gauge bosons, A^M , and the Higgs eld, ^, may
propagate in 4+d dimensions, while all the fermionic par-
ticles, Ψ, are localized on the 4-dimensional boundary.
The (4+d)-dimensional action functional, that describes
the above theory and preserves Lorentz invariance, may
be written as [7]















































where g^, Cγ and ta are the coupling constant, the
structure constants and the generators, respectively, of
the SU(N) gauge group while ^2 and ^ are the mass
and coupling constant of the Higgs eld. In order to
render the coupling constants of the theory dimension-
less in (4 + d)-dimensions, an arbitrary energy scale 
has been introduced. Note that, in the above, M; N =
ft; x1; x2; x3; z1; z2; :::; zdg, ;  = ft; x1; x2; x3g and the
hat denotes (4 + d)-dimensional quantities.
Next, we assume that the extra d dimensions are com-
pactied over an internal manifold with the size of every
compact dimension being 2L. Then, we can Fourier ex-
pand the (4+d)-dimensional vector and scalar elds along
the compact dimensions in the following way













where ~n = fn1; n2; :::; ndg. By performing a Kaluza-
Klein compactication, i.e by using the above eld ex-
pansion and integrating over the extra dimensions, the
action (1) reduces to an eective 4-dimensional theory. A
prominent feature of this eective theory is its complexity
due to extra terms involving the massive Kaluza-Klein
(KK) excitations, ^(~n)(x), of all the elds propagating
in the extra dimensions, apart from the usual, massless
zero-modes, ^(0)(x). Here, we are only interested in the
part of the eective theory that contains the zero modes
of the various elds and, more specically, in the rela-
tions that hold between the (4 + d) and 4-dimensional













where we have used the following eld redenitions
Aa = (2L)
d=2 A^a ;  = (2L)
d=2 ^ (5)
in order to obtain canonical kinetic terms in 4-dimen-
sions. Note that the right and left-handed fermions being
always localized on the 4-dimensional boundary remain
unchanged.
In the framework of the 4-dimensional eective the-
ory, the gauge bosons and fermions acquire mass through
the spontaneous symmetry breaking of the gauge group.
Their masses are given in terms of the vacuum expec-
tation value of the Higgs eld which is also redened
according to eq. (5). The question, then, arises whether
the mass spectrum of the 4-dimensional eective theory
corresponds to a dierent one in the framework of the
original (4+d)-dimensional theory. To answer this ques-
tion, we consider the masses of the fermions which are









= m^ΨL;R : (6)
Similar relations can also be written for the masses of the
gauge bosons and the Higgs eld. In all cases, the tree-
level masses, that are generated via the Higgs mechanism
in the 4-dimensional theory, remain unaltered when one
embeds this theory in a higher-dimensional one.
However, this is not the case with the coupling con-
stant g^ that eventually determines the strength of the
gauge interactions of the theory. The SU(N) gauge
group of the (4 + d)-dimensional theory (1) could be
replaced by the U(1)  SU(2)  SU(3) group with the
gauge eld A^M , the generators t
 and the coupling con-
stant g^ standing for each one of the corresponding quan-
tities of the Standard Model group, i.e. (B^M ; W^ aM ; G^

M ),
(Y=2; a=2; =2) and (g^1; g^2; g^3), respectively. In that
case, each coupling constant and gauge boson of the SM
group is redened according to eqs. (3) and (5), respec-
tively.
By making use of the redenition (3) for the gauge cou-
pling constants, we nd that the electric charge e changes
as follows
e^ = g^1 cos ^W = (2L)d=2g1 cos W = (2L)d=2 e ; (7)
where we have used the fact that the Weinberg angle W
remains unaltered since its tangent is given by the ratio
of the gauge couplings g1 and g2. The above rescaling of
the electric charge inevitably aects the strength of the
electromagnetic interactions in higher dimensions. The
strength of a force is classically dened as the poten-
tial energy of the corresponding interaction between two
identical particles, separated by a distance equal to the
particle’s Compton wavelength, compared to the energy
of the rest mass of each particle. As is well known, in 4-
dimensions and for two particles with mass m and charge















where we have set c = h = 1. Generalizing the above
denition of the strength of a force in (4+d) dimensions,
we are able to determine the corresponding expression in















where we have used the fact that the masses of the parti-
cles do not change, according to (6), and where we have
dened Mx  (2L)−1. The above result clearly reveals
that the strength of the electromagnetic force changes as
the gauge bosons start \feeling" the extra dimensions.
Moreover, the strength of the force strongly depends not
only on the number and size of extra dimensions but also
on the mass of the test particle, i.e. on the energy scale
where the measurement takes place. It is also worth not-
ing that the auxiliary energy scale , that was introduced
to render all the couplings of the higher dimensional the-
ory dimensionless, does not appear in the electromagnetic
strength formula (9).
So far, we have not considered the gravitational inter-
actions. We now assume that the gravitons may propa-
gate, apart from the usual 4 dimensions, in d0 transverse,
compact extra dimensions each with size 2L0. In that











reduces to an eective, 4-dimensional Einstein’s theory of
gravity only when the following relation between the size
of the transverse extra dimensions and the energy scales









holds. The strength of the gravitational interactions also
changes when one introduces extra dimensions for the
gravitons. Using the same rule as above, the strength of
the gravitational interaction between two particles with
















where GN  M−2P and natural units, h = c = 1, have
been used again. The corresponding expression in 4 + d0















where, now, G^N = 1=M2+d
′
GR . By choosing appropriately
the size 2L0 of the transverse, compact dimensions, the
higher-dimensional gravity scale, MGR, could be lower
[1], or much lower [3], than the 4-dimensional one, a fact
which, subsequently, changes the strength of gravity.
The question we would like to address is the following:
can the gravitational and electromagnetic forcesy have
comparable strengths in a world where both gravitons
and gauge bosons feel extra dimensions? If so,











where, for simplicity, we have taken EM ’ 10−2. Re-
garding the values d and d0 of the extra dimensions, we
may form four distinct categories :
i) d0 = d = 0 . In this case, MGR  MP and only at
energies m ’ 1018 GeV, i.e. close to the Planck scale,
the strengths of the forces become equal.
ii) d0 6= 0, d = 0 . Here, we assume that only the
gravitational elds can feel extra d0 dimensions. Then,
from eq. (14), we may easily conclude that the unication
of strengths takes place at a scale m = (0:2 − 0:6)MGR,
for 1  d0  7z. This means that the strength of the
gravitational force becomes comparable to that of the
other forces only when the measurement takes place near
the gravity scale, independently of where MGR lies. In
the case where MGR  1 TeV [3], the hierarchy problem
is removed by bringing the gravitational scale down to the
electroweak one, MW . However, the energy gap between
MW and the compactication scale Mc  (2L0)−1, which,
for d = 2, amounts to 15 orders of magnitude, remains
unexplained.
One could resolve the above problem by increasing
the number d0 of extra dimensions accompanied with
a small increase in the value of the higher-dimensional
gravity scale MGR. For example, allowing the compact-
ication scale, Mc, to be close to the electroweak one,
i.e. Mc = 101MW , the gravity scale lies in the range
MGR = (105 − 107) GeV, for d0  6. In this case, there
is no energy gap between Mc and MW while the grav-
ity scale is still close to the electroweak scale (the ratio
yUnder the assumption that the electromagnetic, weak and
strong forces \feel" the same number d of extra dimensions,
we may assume that their strengths remain comparable at
every scale even in (4 + d)-dimensions.
zMotivated by M-theory, we assume that d, d0  7.
MGR=MW , in this case, is the same as the one of the top
quark mass over the down quark mass, mt=md  104).
iii) d0 = 0 , d 6= 0 . In this case, it is only the gauge
and scalar elds that feel the existence of the extra d
dimensions. Then, eq. (14) reveals a remarkable prop-
erty that arises for d = 2: the unication of strengths is
independent of the energy scale m! Moreover, we obtain
Mx ’ 1018 GeV ; MGR  MP : (15)
This case is quite dierent from case (i); if the gauge
bosons live in a (4 + 2)-dimensional manifold, then, the
unication of the strengths of forces holds in every energy
scale. The compactication scale, Mx, being very close
to MP does not introduce any new energy scale in the
theory and is suciently high to suppress the \danger-
ous" baryon number violating operators. However, the
hierarchy between the electroweak scale, MW , and the
gravity scale, MP , still remains. From that point of view,
the above arrangement of energy scales resembles the one
that arises in the framework of string unication [8] where
the compactication scale, Mx, is very close to the grav-
ity scale, MP . For d 6= 2, the unication of strengths
strongly depends on m. If, for instance, m = 1 TeV,
then, Mx decreases as we increase the number d of extra
dimensions (see Table I). The d = 1 case has no mean-
ing, even in superstring theory. For d  3, the unication
always occurs at an intermediate scale between the elec-
troweak scale and the gravity scale. Note that, in the
case where only the gauge bosons sense the extra dimen-
sions while the gravitons are restricted in a 4-dimensional
manifold, the unication is achieved due to the decrease
in the strength of the electromagnetic interactions in-
stead of the enhancement of the gravitational force as in
case (ii). However, we notice that, in this case, the ra-
tio ^EM=EM becomes unnaturally small at low energy
scales (see eq. (9)). For m = 1 TeV, and for every pair
(d; Mx) listed in Table I, we obtain ^EM=EM = 10−30.
This problem is resolved only at energy scales m  Mx.
iv) d0 6= 0 , d 6= 0 . This is the most general case where
both gravitational and gauge elds feel a number of extra
dimensions. According to eq. (14), there is again a com-
bination of d and d0 such that the unication of strengths
in extra dimensions is independent of the energy scale m.
This combination is given by d = 2 + d0, which includes
the case d0 = 0 and d = 2 studied in case (ii), and leads
to the result Mx ’ (0:2 − 0:5)MGR. In the general case
where d 6= 2 + d0, we may parametrize the compactica-
tion and gravity scale in terms of m in the following way:
Mx = 10z m and MGR = 10y m. Then, eq. (14) is satis-
TABLE I. The compactication scale Mx, for unication
at m = 1 TeV, as a function of d, for d0 = 0.
d 1 2 3 4 5 6 7
Mx(GeV) 10




(2 + d0)y − 2
d
: (16)
For y = 0, i.e. m = MGR, we obtain
Mx = 10−
2
d MGR = (0:01− 0:5)MGR ; (17)
for 1  d  7 and 8d0. In this case, the compacti-
cation scale is 1 or 2 orders of magnitude smaller than
the gravity scale. A quite interesting result arises when
one chooses the gravity scale to be the string scale, i.e.
MGR = Ms ’ 1018 GeV. Then, for d = 1, eq. (17)
gives the result Mx ’ 1016 GeV, which coincides with the
scale of the unication of gauge couplings, MGUT , in the
minimal supersymmetric standard model (the presence of
the extra dimensions does not aect the unication scale
MGUT when Mx ’ MGUT [6,9]). Moreover, the energy
scale Mc associated with the size of the extra dimensions
felt by gravitons lies in the range (1016 − 5 1017) GeV,
for 1  d0  7 and, as a result, does not introduce a new
energy scale in the theory. The only other case where
this problem is also resolved is when Mc = 101MW , ac-
cording to the analysis presented in case (ii). For d0 = 6
and Mc = 10 GeV, the gravity scale lies at the scale 105
GeV. Then, for d = 1, eq. (17) shows that the unica-
tion of strengths takes place only if the compactication
scale, Mx, is exactly two orders of magnitude smaller
than MGR, i.e. Mx = 1 TeV. Remarkably, this is in
perfect agreement with the proposal of the existence of
a single extra dimension for the gauge bosons with size
at the TeV scale necessary for the explanation of the
supersymmetry breaking scale [5]. The existence of an
extra dimension of this size would lead to the unication
of gauge couplings at an energy scale which is, approxi-
mately, one order of magnitude larger than Mx [6,9]. The
extra hypothesis, that gravitons may feel 6 extra, com-
pact dimensions, brings the scale of gravity down to 100
TeV, thus, completing the picture of unication of forces
and removing the hierarchy problem.
It is worth noting that every other choice for the pa-
rameters z and y leads to the conclusion that the uni-
cation of strengths occurs only when m  Mx  MGR.




2+d′ MGR = (0:2− 0:6)MGR ; (18)
for 1  d0  7. Demanding, once again, that Mc  MP
or Mc  MW , the only viable choices for the gravity scale
are either MGR  MP or MGR  (103 − 105)MW .
In conclusion, in this letter, we have demonstrated
that the addition of extra, compact dimensions for gravi-
tons and gauge bosons modify the strengths of gravita-
tional and gauge interactions and consequently the scale
of their unication. When the gravitons propagate in
4 + d0 dimensions, the unication takes place only near
the higher dimensional gravity scale, MGR. If we choose
Mc  MW , no new scale is introduced in the theory while
MGR turns out to be a few orders of magnitude larger
than MW . In the case where the gauge bosons feel d ex-
tra dimensions, the unication strongly depends on the
energy scale where the measurement takes place, apart
from the case d = 2 where Mx  Ms. The most exciting
results arise in the case where both d and d0 are non-zero:
if MGR  Ms, Mx turns out to be, for d = 1, of the or-
der of the gauge unication scale. Thus, the energy gap
between Ms and MGUT is attributed to the existence of
one extra dimension for the gauge bosons which \opens
up" just above MGUT . An even more remarkable result
follows from the assumption that the gravitons can feel
6 extra dimensions with Mc = 10 GeV. Then, for d = 1,
Mx has exactly the right value to explain the size of the
supersymmetry breaking scale with the gravity scale be-
ing only 2 orders of magnitude larger than Mx. In the
framework of this 11-dimensional theory, the unication
of all forces takes place at 100 TeV and the hierarchy
problem is completely removed.
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